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PekoMeH10BaHO METOMYECKON KOMUCCHEN XMMUUECKOTo (haKkyiIbTeTa U
Kadeapoil MaTeEMaTUYECKOTO aHAJIN3a MEXaHUKO-MaTEMaTUYECKOr o (haKynbTeTa
MI'Y um. M.B. JlIomoHOCOBa B KadecTBe y4eOHOT0 MOCOOus AJisi CTYIEHTOB

B COBPEMEHHOM MUpPE KOMNbIOMEPHbIE MEXHOJIOCUU 6H€dpeHbl npakmudecKu
60 6Ce Hay4Hvle U npumadﬂble uccneoosarnus. B ceoro oqepedb, Mo ebl3bledem
6ypﬂoepa36umue mamemamudecCKux OMCI/;MI’IJZMH, NOCKOJIbKY MHO2Uue usz
mamemamudecKux OMCZ/}MI’IJZMH umerom e6ad’)0CHoe npumaOHoe SHAYEHUE U ABJIAIOMCA
OCHOBOI KOMNnblomepHvlx MexXHOI02Ul.

st npasunvoco u 3GeKmusH020 UCNONb308AHUS MHOSUX
MaAmemamuyeckux npocpamm mpeodyemcs ymerue chopmyauposams 3a0a4u,
B03HUKAOWUe 8 Npoyecce UCCAe008AHUS MAMEMAMUYECKOU MOOeaU U3YYAEMO20
A6/1eHUsL, 8bLOPAMb NOOX0OAWUL ATICOPUMM PEULeHUs], OCMBICAUMb NOLYYEeHHbIL
pe3yrvmam. [ smoeo mpedyemcsi 00CmamouHbill yPO8eHb MAmeMamuiecKou
Nn0020MOBKU.

B cepuu memoouueckux paspabomok «mamemamuxa 0Jis CO8peMeHHOU
Xumuuy 6 pamkax npoexma « MescoucyuniunapHvle HayyHo-06pazoeamenvHvle
wronvl MI'Y» paccmampusaromes 6onpocul, yceoenue Komopvix cnocobcmeayem
NOBBLIUEHUTO MAMEMAMUYECKOU KYIbMypobl YUaAWUXCSl, PAZGUMUIO UX
npogheccuonanvHulx KomnemeHnyuil. Boitbop mem paspabomox He ciayuaen. OH
OCHOBAH HA MEeMOOUUECKUX UCCNe008AHUAX KadheOpbl MameMamuyecko2o aHaiusa,
Ha yuéme MHeHUll Kagheop Xumuuecko2o axyibmema, Ha AHAIU3E pe3yilbmamos
9K3AMEHO8.

Baoicnas yenv smux paspabomox — 06.1e2uums camocmosmenbHyo pabomy
CMYOeHmMOo8 U CNOCOOCMB08amb YCNewHOol coaye IK3AMEHO8 U 3a4EéMO8.

B smotui memoouueckotl pazpabomke paccmompensbl 60NPOCyl, OMHOCAUWUECS, K
JUHeliHou aneebpe. Paccmompensl npumepsl cucmem JUHEUHbIX YPAGHEHUI,
NOJYYeHA COKPAUWEHHASL MAMPUYHASL 3aNUCL CUCTNEMbl TUHEUHbIX YPAGHEHUL,
86€0€HO NOHAMUE Onpedenrumesi Mampuysl u noaydenst popmyavt Kpamepa.



1. CucremMsbl JIUHEHHBIX YPABHEHU. 3a1a4M, I1e OHU
BO3HUKAKOT

Cuctembl TMHEHHBIX YPABHEHHUM MPEJCTABISAIOT COOON MaTeMaTUYeCKue
MOJIEIM MHOTHX aKTyaJIbHBIX 3a/1a4 €CTECTBEHHbBIX U COI[MATIbHBIX HAYK.

[Tpu n3yueHnn MaTeMaTH4eCKUX 0ObEKTOB MPUHSATO 33/1aBaTh ceOe
BOIPOCHI: KaKH€ NHTEPECYIOIIE HAC 3a/1a4M OIKMCHIBAIOT pacCMaTpUBaEeMble
monenn? Kakumu cBoiictBamu 0071a1at0T 3T 00BeKThI? KakoBbI allrOpUTMBI
IPOM3BEIEHUS PACUETOB MO 3TUM MOJIETSIM?

[Tos1Ie3HOCTh CUCTEM JIMHEWHBIX YPAaBHEHUN COMHEHUN HE BbI3bIBACT.
Hanpumep, peliasi B IKOJI€ 3aJ1a4d PO OKUCIUTEIIbHO-BOCCTAHOBUTEIIHLHBIE
peaxiuu, Brl yxe cTankuBanuch ¢ moJoOHBIMH cucTeMaMu ypaBHeHU. [IpuBeaém
ené MpUMEPHI 3aJ1a4, UMEIOIINX OTHOIIEHNE K XUMHUH, MaTeMaTUIECKasi MOJEIb
KOTOPBIX MTPUBOJUT K CUCTEME JIMHEUHBIX YPABHEHHUI.

Ilpumep 1. Pacuem cmecein

ITycTh TpeOyeTcss MPUrOTOBUTH CMECh M3 M BELIECTB B KOJIMYECTBaX b, j =

1, ., M KaAXIOIo H3 3THUX BCHICCTB. I[J'I?I IMPUTOTOBJICHUA CMCCH HMCCTCA n
KOMIIOHCHT, KaKaasd H3 KOTOPbIX COICPIKHUT aij [-0ro BCIICCTBA, (] —HOMCp

KOMMOHEHTa). (O003Ha4YMM X; — MICKOMOE KOJIMYECTBO [-OT0 BELIECTBA.

TOFI[a C(bOpMyJII/IpOBaHHa}I 3aa4a IMPpUMCT B CUCTCMbI JIMHEUHBIX ypaBHeHPIf/'I:
a11x1 + -+ alnxn - b1

Am1X1 + o+ QpnXn = by,

Ilpumep 2. Onpeodenenue cocmaea cmecu CREKMPOGomomempuuecKumu
uzmepenuamu

OnTtryeckas NIOTHOCTh pacTBOpa XUMHUYCCKOTO BCHICCTBA OIIPCACIIACTCA
PaBCHCTBOM

Iy
D == 10g10 (T),

rae I, l,-MHTEHCUBHOCTH CBETOBOI'O IMOTOKA JI0 M IMOCJE MPOXOXKACHHUS uepes3
pactBop. OnTHyYecKas IUIOTHOCTh CBs3aHa C KOHIIEHTPALMEW MOIJIOMIAIErO
BEIECTBA U TOJIIMHOM ciost [ popmyroi

D(A) = e(A)cl,



rne  &(A) —wmonekymsapHbIA  KOA(P(GUIMEHT  TOIJIOIIEHUs,  SIBISIOIIMICS
WHIMBHUIYaJIbHBIN XapaKTePUCTUKON BEIIECTBA, 3aBUCALICH OT A -JJIUHBI BOJIHBI,
¢ —KoHUeHTpawms. Eciu cMech cOCTOUT U3 N HEB3aUMOJICHCTBYIOIINX BEILIECTB, TO
e€ onTUyecKas MIOTHOCTh PaBHA CYMME ONTHYECKUX IUIOTHOCTEH, COCTaBISIONINX
€€ BEIIECTB,

DA) =Dyl + -+ &,(D)c,l.

Ecnu npousBecty uaMepeHusi ipu A = A4, ..., A, , TO MOJXYYHIH CUCTEMY JTMHEHHBIX
YpaBHEHUU

D(2y) = & (Al + -+ + &,,(A1)cpl
D(An) = gl(ln)cll + -t gn(}{n)cnl
OTHOCHTENIEHO KOHUEHTPALMHU Cy _ Cp.

B rmaBe Oyzper ngokazaHO, 4TO €CIU OMPENEIUTENh MATPHUIBI ATOW CHUCTEMBI HE
paBed 0, TO cucTemMa MO3BOJSET OJHO3HAYHO OMNPEIEIUTh UCKOMBIE BEIUYUHBI

Cq1,...Cn-

Ipumep 3. Hccnedosanue cocmasa cmecu npu ROMOULU CEHCOPO8

CeHcopaMy Ha3bIBAlOT MPHUOOPHI, BBIXOJHON CHTHAl KOTOPBIX 3aBUCUT OT
KOHIICHTPAIIUHU ONPEICIICHHOTO BEIIECTBA B TA30BOM CPEJIC WIIA B PACTBOPE, IPUUEM
OTH YyBCTBUTEIBHOCTH HM3BECTHBI M O0O03HAYAKOTCSA aj (j —HOMEp BEIIECTBA,

[ —HOMEp CEeHCOopa).

[Ipennonaraercsi, 4YTO CUTHAJIBI, O0YCIOBICHHBIE MPUCYTCTBUEM B CMECU KaXKJIOTO
13 BEIIECTB, CKJIA/IBIBAIOTCS M UTO BEJIMYMHA CUTHAJIA OT ONPEEICHHOIO BEIIECTBA
MPOTIOPIHOHAILHA KOHIICHTPAIWH, T.€. X; UL j —OT0 BEIIECTBA, a Kod(puiueHTom

MPOTMOPIIHOHATLHOCTH ABJSETCS YKCIIO Aj5 (VIS [ —OT0 CEHCOopa).
Takum 00pazom,
ay1%1 + o+ agpx, = by
Am1 X1 + - -I.—"amnxn = by,

B rmaBe Oymer nokaszaHo, uTo mpu m = n u npu yciosun |A| # 0 3ta cucrema
M03BOJISIET OIHO3HAYHO OMPEACIUTD YUCIA X1, ..., Xp.



Ham npencront pa3sBuTh HHTEPECHYIO MATEMAaTUYECKYIO TEOPUIO. MBI
OyzZeM BHMMATEIBHO CJIEINUTH 3a IEPEXOJIOM OT IOCTABIECHHOMN 3aJ]auH K
NoCJIeI0BAaTEIbHBIM dTanaM €€ pelieHus!, 00CyX1aTh IpeAIpUHIMAaeMble IIary,
BBOJIMMBIE BCIIOMOTaTEIbHBIE IOHATUA U T.A. DTOT IIpolecc, Aenaronuil Bac
«COYYaCTHHUKOM», OYEHB ITOJIE3EH IS ITOBBILIECHUS YPOBHS MAaTEMAaTHUECKON
KYJIbTYpPbI, HEOOXOAUMOM /711 TBOPUECKOTO MpUMeHeHHus: Bamu MateMaTuuecKux
METO/OB.

N3noxeHne HaYHEM ... ¢ IUTATHl U3 KHUTHW akageMuka B.M.ApHonbaa
«JIlnHamMuKa, CTaTUCTUKA M TPOEKTUBHAsE reoMeTpus nosnen [amya», MITHMO,
2005. :

Cywecmsyem 06a OCHOBHbIX CHOCOOA cMABUMb 3a0ayy. Gpanyy3cKuil cnocod
cocmoum 8 mom, Ymoowvl cHOpMYIUPOBams 8ONPOC Hauboiee oowuUmM 0opazom,
m.e. mak, 4moowvl e2o Heab3s ObLI0 Obl Oanee 060O0wUMb be3 nomepu cmMbicid, 8 Mo
8pems Kak pyccKuti Chocod cocmoum 6 mom, 4umoosi cqhopmynuposams e2o 8 mom
npocmetiuiem ciyiae, KOMopbulil Heab3s odjlee YRPOCmumy, He TUULAsL BONPOC €20
OCHOBHO20 COOEPIHCAHUSL.

Hauném ucnonb3oBath GpaHiry3ckuii cnoco6. Uto MmoxxkHO 00001maTh? Bo
MHOTHX peaJIbHbIX 337a4aX KOJIMYECTBO MEPEMEHHBIX — HEU3BECTHOE a Priori
YHCII0, KOTOPOE Mbl 0003HaUUM n. B o0miem cinyyae Oyaem paccMaTpuBaTh
JMHEHHBIC YpaBHEHUS BUIA A4 X + -+ + a X, — b = 0. A cKoJNBKO cleayer
paccMatpuBath ypaBHeHUM? Paccyxnast «o — ¢paHIly3CKH » — HEU3BECTHOE
3apaHee 4ucio, KoTopoe 0003HauuM m. B urore nonyyaeM cucreMy ypaBHEHHI
BUJIA

a11x1 + -+ alnxn = bli

(1.1)

A1 X1 + o+ QX = by,

B sTo#1 cucreme Xy, ..., X, — ACKOMBIE BEJIMYMHBI, & YACIIA
aq1, --» Amn b1, -, by, — 3amarnEbIe KOADPUITEHTH ccTeMbl. Cructemy (1.1)
o011ero Bua Mbl U OyZieM u3y4aTh B Kypce JuHeiHo anreopsl. B kypce
aHAJIMTUYECKOW T€OMETPUHU YKCIia M, n He Ooublie 3. 3TO CBSI3aHO € TEM, YTO
TOYKA C JIByMsI KoopauHaTtamu (X;; X,) — 3TO TOYKa INIOCKOCTH, & TOYKA C TPeMs
KoopauHaTaMu(X;; X5; X3) —3TO TOYKA MPOCTPaHCTBA. [103TOMY yCTaHOBJICHHBIM
CBOWCTBAM PELIEHUN CUCTEMBI MOKHO J1aTh HATJISAAHYIO T€OMETPUYECKYIO
WHTEPIIPETALUIO.

Bnpodewm, B u3105%keHNN Kypca JIMHEHHON anreOphl Oy IyT paccMaTpuBaThCs
00BEKTHI, KOTOPBIE XOTS U HE UMEIOT HEMTOCPEICTBEHHON T€OMETPUYECKOM
TPAKTOBKU ( HapUMep, TOUYKH (Xq; ... ; X, ) IPOCTPAHCTBA N U3MEPEHUIT), HO
IPECTaBISIIOT CO00M 0000IIEHUST HHTYUTUBHO SICHBIX, HATJISIAHBIX TIOHSATHIA.



Bossparumcs k cucteme (1.1). Ha nepBblii B3ruIsij, €€ JIETKO PEIIUTh,
NOCJIeI0OBAaTEIBHO UCKIII0Yasi HEM3BECTHBIE (3TO — MeTo ['aycca). Pemiena nu
Haa 3anava? Kaxercs, pemena. YkaszaH croco0, B IPUHIUIIE TO3BOJISIOLIHIA
UCCJIEeI0BATH JIIOOYIO0 CUCTEMY Takoro Buaa. Ho — BcTaHeM Ha MO3UIMIO KPUTHKA.
3anucaTh, IpY MPOU3BOJIBHBIX pa3MeEpPax CUCTEMBI, YCIOBHUE Pa3pelIMMOCTH 3TOU
CUCTEMBI U J1aTh (GopMyITy JIJIs €€ pelieHu — coBceM He npocto. [Toatomy
JaBaiTe MPOJIOJKUM HAILIM PACCMOTPEHUS U TOCTapaeMcsl MOHATb, YTO K€ MBI
XOTUM MOJIYYUTh?

[Ipuino Bpems UCIOIB30BaTh PYCCKUM MOAX0 ( CM. IIUTATY BHIIIE) U
MaKCHUMAaJIbHO yIpOoCTUTh cucteMy (1.1), cBens e€, mpu m = n = 1, K oAHOMY
YpaBHEHUIO

ax = b. (1.2)
Ecima # 0, T0 x = g, W

x =a lb. (1.3)

Ecmu xxe a = 0, Ho b # 0, T0o ypaBuenue (1.2) npunumaet Bua 0x = b, a 310
ypaBHeHUE He umeeT pemeHuid. Ecim xe a = 0, b = 0, To ypaBHEHUE CBOAUTCS K
paBeHcTBy Ox = 0, BepHOMY IIpH JHOOOM X.

[TocTaBuM miepen coboit 3aaady 3anucath cuctemy (1.1) B Buze, moxoxem
Ha ypaBHeHue (1.2), a Takxe MOJydUuTh JJIs peIEHUH CUCTEMBI (POPMYITY,
nogo0Hyt0 paBeHCTBY (1.3).

2. MaTpu4yHas 3anuch CUCTEMbl YPABHCHUM
2.1. BeKTOpBbI-CcTOJI01BI (M BEKTOPBI-CTPOKH)

Hauyném ynpomiats cucremy (1.1) nponsBosibHBIX pa3mepoB. Pa3Hbie
YpaBHEHHUS 3TOW CUCTEMBI COJIEPKAT OJTHU U T€ K€ MEPEMEHHBIE X1, ..., Xp. ITU
NIEPEMEHHbIE MOKHO PacCMaTpHUBaTh, Kak KO3(PPHUIIMEHTHI MPU HOBBIX 00BEKTaX,
KOTOpBIE MBI Oy/IeM Ha3bIBaTh BEKTOPAMHU-CTOJIOLAMU U KOTOPBIE UMEIOT BUJ

a1 A1n

aml amn

Mp&I BBEJIM B PAaCCMOTPEHUE HOBBIE 0OBEKTHI M JIOJIKHBI OMKCATh UX
npocTeiime cBorcTBa. [Ipex e Bcero cieayeT BhIICHUTh, KOT/1a 00BEKTHI

a, b,
a=| - |,b=| .. (1.4)
A, b,,



paBHBI MEX Ty cCO001? byaeM cunutarh, 4To BEKTOPHI-CTOJIONEI @, b (0.4) pasnbi
Medxucdy co6oil TOTIa U TOJIBKO TOT/Ia, KOTJa BHIIIOJIHEHBI PAaBEHCTBA 4; = b;, i =
1,.. m.

OnpenenuM cymmy 6ekmopoe —cmoJiouoe (1.4) ecteCTBEHHBIM 00pa3oM:

a, + b,
a+b= : (1.5)
Ay, + by,
Ilpouseedenue uucna & Ha 6eKmMop - cMo1dey A OTIPEICITUM PaBECHCTBOM

aaq

aa=| - |. (1.6)
aa,

Ucnonbiys onpenenenus (1.5) u (1.6), 1erko npoBepuTh paBEHCTBA:

l.a+b=>b+a.

2.a+(b+c)=(a+b)+c.

3. a+ 0 =0+ a,rae 0 — BekTOp CTOJIOECI, COCTOSIIINI U3 M HYJIEH.

4. Jlns mo6oro BEKTOpa-CToIOIa @ CYIIEeCTBYET ¢AMHCTBEHHBIN BEKTOP-
CTOJIOEI] —@ TaKOM, YTO BBIIIOJIHEHO paBeHCTBO @ + (—a) = 0.

5. a(a+ b) = aa + ab.

6. (af)a = a(Ba).

7. la = a.

8. 0a=0.

9. a0 = 0.

C yuéroMm onpeeneHnii 1 YCTaHOBJIEHHBIX PABEHCTB, ITPe00pa3yeM CUCTEMY
(1.1) k ypaBHEHHIO

X141 + -+ x,a, =b , (1.7)
B KOTOPOM
a1 Ain b,
a'l = ’".,an = ,b == T N (18)
am1 Amn b

Omnpenenenue. Beipaxxenue x;a, + -+ + X, @, Ha3bIBACTCS JIUHEUHOUL
KomoOunayueili BEKTOPOB A4, ..., A, C KOOPOUIHUEHTAMH X1, ..., X,.

3ameuanue. Takum 00pa3om, 3aj1a4a 0 BO3MOXKHOCTHU MIPEACTABUTH BEKTOp b B
BU/IE THUHEIHOW KoMOuHanuu (1.7) BEKTOpOB A4, ..., @, CBOIUTCS K CUCTEME
JUHENHBIX ypaBHeHUi (1.1).



3ameuanue. TOUHO Tak ke, KaK BEKTOPHI CTOJIOIbI, MOXKHO paccMaTpUBaTh U
6€KMOPbI-CIMPOKU

a=(ay,...,0y), C aHATOTUIHBIMU OTIPENICTICHUSIMU PABEHCTBA BEKTOPOB, CyMMBI
BEKTOPOB, MPOU3BEAECHHUS YUCIIA HA BEKTOP U C TEMHU K€ CAMBIMHU CBOMCTBAMU ITUX
ornepanui.

2.2. Martpuupbl. Kparkasi 3anuch cucreMbl ypaBHeHHU I

VYpasuenue (1.7) noka emé coBcem He moxoxke Ha ypaBHenue (1.2). s
TOT0, YTOOBI JOOUTHCS TMOJTHOTO CXOJCTBA, CICAYET 3aMEHUTHh HA0OP Ynce
11y o r Apy oo » A1y - » Ay KAKAM-TO OTHUM 00BEKTOM. Tak Kak cama cucteMa
(1.1) nzo6pakeHa B Bujie TabJIUIIBI, ECTECTBEHHO PAaCCMOTPETh TaOJIHILY,
COCTaBJICHHYIO 13 KOA(h(DHUIIMEHTOB CHCTEMBI, PACTIOJIOKEHHBIX TaK )K€, KaK OHH
pacrmojOoXKeHbI B CUCTEME:

A1 0 Qan
A=| : : (1.9)
Am1 " Amn
Ota Tabnuila Ha3bIBACTCS Mampuyell cucmempl. ITa MaTpUIla UMEET M
CTPOK, CTPOKa C HOMEPOM [ TIPEJCTaBIACT COO0 HA0Op Uncel a;q, ..., Ajp, U N
cToJIOIOB, nepeunciaeHHbIx B (1.8). Bynem roBoputs, uro matpuiia A umeem
pasmep m X n.

KaK " B IPpCAbIAYIICM ITYHKTC, CIICAYCT BBIACHUTD HpOCTCﬁHIPIC CBOMCTBa
HOBBIX 00BEKTOB — MaTpHIl. byiem roBoputh, 4To MaTpuiia A pasmepa m X n
pasna matpuiie B takoro ke pasmepa

b11 ot bln
B=(: -~ (1.10)
bml bmn
TOTJIa ¥ TOJILKO TOTJIa, Korjaa Juisi BceX { = 1, ...,m,j = 1, ..., M BBIOJIHCHBI

paBeHcTBa a;; = b;j. OTMETUM, YTO TOBOPUTH O PABEHCTBE MATPHII, HMEFOLINX
pa3JINYHbIE Pa3MEPBIL, JIUIIEHO CMBICIIA.

Onpenenum cymmy mampuy (1.9) u (1.10) oguHakoBOTO pazmepa
PaBEHCTBOM

Ay + by 0 App by
A+ B = : : (1.11)
Amp t+ bml o Qpp T bmn

U IIpou3BeieHue uncia a Ha matpuny (1.9) paBencTBoM



aall e aaln
ad=| i . (1.12)
ady,, 0 Aa;mn

Ucnonb3ys paBenctra (1.11) u (1.12), 1erko ycTaHOBUTH, ONIepaIliy HaJl
MaTpHIlaMu 00JIaat0T TEMH K€ CBOMCTBAMHU, YTO M ONIEpaIliy Ha/l BEKTOPAMH:

1. A+ B=B+ A.
2. A+(B+C)=(A+B)+C.
3. A+ 0 =0+ A, rne 0 — »HyneBas marpuiia pazmepa m X n, 1.e.a

0 - 0
O0={: =~
0 - 0
4. Jlnst nro6oii matpuiist A (1.9) cymectByer matpuna (—A), Takas, uto A +
(-4) =0,
—Qi1 vt Tin
—A = : . :
—Am1 T T 0mn
5. a(A+ B) = aA + aB.
6. (af)A = a(BA).
7. 1-4 = A.
8. 0-4=0.
9. a-0=0.

CrnemyeT OTMETUTD, YTO B JIEBOM YacTH paBeHCTBa 8 cuMBoI 0 0603HaYaeT
YHUCJIO HOJIb, & B PABOM €0 YacTH, PABHO KaK U BCIOAY B PaBEHCTBE 9,
cuMBoJ1 0 0003HauaeT HyseBYIO MaTpuIly. Mcrosib30BaHHE MOXO0KUX
cuMBOoJIOB 0 1 0 15t 0003HAYEHUS Pa3HBIX 0OBEKTOB, KaK MPABUJIO, HE
BBI3BIBACT HEJloOpasyMeHuid. Tam, T1ie 3To Oynetr Heooxoaumo, Oyer
CIIeIIMAJIbBHO OrOBOPEHO, Kakoi cuMBoJi, 0 unu 0, ncnosib3yercs.

BBeaéunbie onepamnyu moka He MO3BOJIIOT MOTYYUTh Tt cucTeMbl (1.1)
KpPaTKyIo 3aMuch, mogo0nyo (1.2).

Onpez[eJmM onepauuro YMHOMdCeRus mampuubl A pasMepam XN Ha
6eKmMop-cmoaodey X ¢ KOOpAUHATAMHU X1, ..., X;, PABEHCTBOM
a11 aln x1 a11x1 + + alnxn
Ax=| : ~ - , (1.13)
Am1 ° Amn/ \Xn Am1Xy + -+ AmpXn

PesynbraTom 3TOM omepanuu SBISIETCS BEKTOP — CTOJIOEI] C 1M KOOPAUHATAMH.
Torna, BBUY OIpe/ieieHrs paBeHCTBA BEKTOPOB, cucteMa (0.1) paBHOCHIIbHA
PaBEHCTBY BEKTOPOB- CTOJIOIOB, UMEIOIEMY BU]T

Ax = b. (1.14)



VYpaBuenue (1.14) BnonHe noxoxe Ha ypaBHeHnue (1.1).
Takum 0Opa3om, 4acTh MOCTABJICHHOM 3314 YCIEIIHO pelIeHa.
2.3. IlpousBenenune marpuu. ExmHuyHas MaTpuna

PaccmoTpeHHyt0 B IpeapIAyIEM MYHKTE ONEPAUI0 YMHOKEHUSI MaTPULIbI
Ha BEKTOP JIETKO OOOOUIUTH U ONPEACIIUTE NPOU3BedeHue Mampuybl pazmepa
m X n na mampuyy pazmepa n X L. I[lycte matpuna A umeer sug (1.9),
Marpuna B paBna

byy - by
B=| : o
bpy - by
Omnpenenum ux npousBeneHue AB , kak matpuily € pazmepa m X |, 3IeMEHTHI
KOTOPOH ONpeaenstoTcs o popmyse

Cij = Z;cl:l aikbkl = ailblj + -4+ ainbnj, = 1, ...,m,j = 1, ,l (115)

OTO paBEHCTBO O3HAYAET, YTO CTOJIOEL] ¢ HOMEPOM j MaTpulibl AB
npeacTaBiseT co0oi mpousBeeHne MaTpullbl A Ha cToOer ¢ HOMEpPOM
J Matpuusl B.

Omnepanusi TIpOU3BEICHHS MaTPHIL 00J1aJ1aeT CBOMCTBAMM:

1. A(BC) = (AB)C, ecniu A umeer pazmep m X [, B umeer pasmep [ X k,
C umeert pazmep k X n.

2. A(B+C) = AB + AC, ecniu A umeer pazmep m X [, B, C umerot
pasmep [ X n.

PaBenctBo AB = BA B o6miem citydae HeBepHo. Hampumep, ecnmu A nimeet
pazmep m X [, B umeer pa3mep | X k u k # m, to matpuua BA npocto He
onpenenena. Ecnu xe onpenenensl 006a npoussenenns AB, BA v BBITIOJIHEHO
paBeHcTBO AB = BA, T0 TOoBOpPAT, uyTO Matpullsl 4 , B kommymupyrom.

Hamomuum, uTo aeiicTBUTEIbHOE YUCIOo 1 o01agaeT TeM CBOMCTBOM, YTO
JUIsL TF00OTO Yncyaa cripaBeUIMBhI paBeHcTBa a - 1 = 1 - a = a. [lo ananorumu,
CJeyeT ONpPEACIUTh eOunuunyro mampuyy E kax Matpuily, 1jisi KOTOPOU ISt
mo0oi Matpuiibl A BeinosiHeHbI paBeHCTBa AE = EA = A. OnHako, ecnii A uMmeer
pasmep m X [,l # m, To 3TU paBeHCTBAa HEBO3MOKHBI HU ISl Kakoil MaTpuilsl E .
JeiictButensHO, ecnu onpenenena Mmarpunia AE u AE = A, to matpuua E nomkHa
umeTh pasmep [ X [, ecnu onpenenena marpunia EA u EA = A to matpuna E
JIOJKHA UMETH pazMep m X m u paBeHCTBO AE = EA = A HeBO3MOXkHO. Takum
o0pa3om, MyCTh MBI pacCMaTpPUBAEM J1aJiee KeAOpanHble Mampuybl pasmepa n X
n.



Ha3zo0BéM edunuunoit mampuuyeit pasmepa n X n MaTpuny

1 - 0
E={: =~ ] (1.16)
0 - 1
y KOTOPOi Ha TJIaBHOW IMAaroHajau CTOST 1, a BCe OCTalIbHbIE 3JIEMEHTHI paBHbI (.
U3 pasenctna (1.15) cpa3zy caenyet, uto ans aro6oi matpuusl A Buaa (1.9)
pasmepa n X n BBINOJHEHO TpeOyemoe paBeHCTBO AE = EA = A.

HanoMHuM, 4TO 1718 A€HCTBUTENILHOTO Yncia a # 0 CyIecTByeT YHuCIo a *

Takoe, uTo a”1a = aa”! = 1. Ilo aHanoruu, onpeaenuM s KBaapaTHOM
Matpuisl A oopamuyio mampuyy A~ ycnosuem A1A = AA™! = E. Bonpoc,
U KaKuX yCIOBUSX 00paTHas MaTpulia CyIIeCTBYET, OyeT moApOOHO
paccMOTpeH 1o3xe. OTMEeTUM JHilb, 3a0eras Brepén, yTo yciaosuto a #+ 0,
HEOOXOMMMOMY U JOCTATOYHOMY JUISl CYLIECTBOBAHHS YUCIA A~ 1, COOTBETCTBYET
YCIJIOBUE OTJIMUMS OT HYJISl ONPEIETUTENS pacCMaTpuBaeMo MaTpHilbl. YTo Takoe
ompeeanTeNIb MaTPUIlbl, OyIET paccKka3aHo Jajee.

3.0npenennres b MATPUILbI
3.1.0npeaesieHue onpeaeuTe s MATPULbI

Kax mpasusio, hopmalibHOE OTpeIeTICHUE ONPEACITUTEINST MaTPHUITBI
BBI3BIBAET HEKOTOPOE HEAOYMEHHUE — OTKY/1a B3sJIaCh TaKasi KOHCTPYKIUsI? Mbl
NOMBITAEMCS IPUNATHU K 3TOMY MOHATUIO «PYCCKUM METOIOM» (CM. LIUTATY BBIILIE).
g ypaBHEHU

ax = b,
b
npu yciosuu a # 0, moinyyaem x = — WK
x =a b
PaccmoTpum cucremy ypaBHEHUI

{allxl +  a13%1, = by (1.17)

az1X; + QX1 = by
YMHOXKHUM NIEPBOE YpaBHEHUE HA YUCTIO (,,, A BTOPOE YpaBHEHUE HA YUCTIO A4,

MOJIYIHM CJICACTBHC HCXOI[HOﬁ CHCTCMBI

{‘111“22951 +  a12a53%1, = biay;
A1201%1 +  A12052X1, = byay;

Y, BBIYUTAS U3 IIEPBOTO U3 3TUX YPABHEHUHN BTOPOE, HAXOAUM

(a11022 — A12071)X1 = byay; — byag,. (1.18)



Ecnum uncno aq1a,, — a4,a,1 # 0, To 13 (1.18) Haxoaum

x, = 2 ladiz (] q9)

A11A22—A120421

[Toxcrarnsis HaiinenHoe 3HadeHue X, (1.19) B moboe u3 ypaBuenwii (1.17),
HaiaéM x,. Cucrema (1.17) momyduuT enuHCTBeHHOE perienne. OOpaTute
BHUMAaHHE HA CXOJICTBO YCIIOBUM 4103y — Q12021 # 0 11 ypaBHenus (1.18) u
ycnoBus a # 0 ansa ypasHenus (1.2). Benuuuny aq1a,, — @120, Ha30BEM
onpedenumenem mampuyst cuctemsl (1.17). JleiicTBUTENHHO, OHA ONIPEACIISET,
OyJeT JIi pelIeHre CUCTEMbl CYIIECTBOBATH U OYJIET I OHO €IMHCTBEHHBIM.

OHpCI[CJ'II/ITCJ'IL MaTpHUIbI TPCTHETO ITOPAAKA

ai1 Qg2 Qg3
A=|0a1 Qz; Aaz3
31 dzy Azz

IpeICTaBIsIeT COO0M YHuCIIo
|A|=ay1a22a33 + a12023031 + A13G21A37 — Q13022031 — Q1102303 — A1102303; (1.20)

Ecnu y Bac xBatut Teprienusi, To Bel Moxkere yOenuTbCs B TOM, YTO €CIIU
pemarh CUCTEMY YPaBHEHUN

ay1X;  +agpx,  +agzxs = by,
Ap1X;  +az;Xx; +ay3X3 = by,
A31X1  tazzy, Fa3z3X3 = bs,

AHAJIOT'NYHO PCHICHUTIO CUCTCMbI (1 . 17), IMOCJICAOBATCIILHO UCKIIIOYasa HCU3BCCTHLIC,
TO KOG)(b(I)I/IHI/ICHT IIpH MOCJIICAHCM OCTAaBIICMCA HCHU3BCCTHOM KaK pa3 6y,Z[eT paBCH
|Al.

Jlist onucanus 3akoHOB oOpa3oBanus Gopmyn (1.18) u (1.19) u
JajapHenIero o0o0IeHus caenaeM Takoe Haomoaenue. B dopmyne (1.18) ecthb
JIBa CJIara€MbIX, OJTHO CO 3HAKOM IUTIOC, IPYroe cO 3HaKoM MuHyc. [Tpu sTom
KaXI0€ CIIaraeMoe sBJISETCSA NPOM3BEICHUEM YHCEN BUIA Aq;A,j, TJIE OHO U3
yucen §, j paBHoO 1, a Apyroe paBHO 2. ITO 03HAYAET, YTO B IPOU3BEICHUH Aq;d; ;.
Y4acCTBYIOT 3JIEMEHTHI JIFOOOH CTPOKH U JII000r0 cTos0na( Kak mepBbie HOMEpa, TakK
¥ BTOpbIE NpUHUMAIOT 00a 3HaueHust 1 u 2). Eciu Mbl HOCMOTPUM Ha paBeHCTBO ,
TO 3aMETUM, YTO KaxJ0€ 13 6 MpOU3BEJICHHI, CTOSIINX B MpaBoit yactu (),
COJICPKUT DJIEMEHTBI KaXXJI0W CTPOKHU U Kaxaoro crojidua. [Ipu 3ToM B kaxkaom
TaKOM MPOU3BEACHNUH MEPBbIC NMHAEKCHI COMHOXKHUTENEH — 3T0 uncia 1,2,3, a
BTOPBIC YHCJIa — 3TO T€ K€ caMble IU(PBI, HO B HEKOTOPOM JAPYTOM MOPSIIKE. ITO
HABOJIUT HA MBICIIb ONIPEACIIUTh OHSTUE nepecmanoéku ducen 1, 2, ..., n.
[lepecTaHoBKa MpeaCTaBIIsSIET COOOM T€ K€ YUCIa, HO B3SAThI€ B HEKOTOPOM JIPYTOM
NopsIZIKE (BO3MOKHO, M B TOM K€ caMoM). OUEBHJIHO, YTO CYILECTBYET 1!



pa3IM4YHbBIX IEPECTAaHOBOK uucel 1, 2, ..., n. (JleldcTBUTENBHO, HAa IEPBOE MOXKHO
IOJICTABUTH JIFOOOE M3 N YKCE, T.€. KMEEM N BO3MOXKHOCTeH. [Ipn BEIOpaHHOM
TIEPBOM YHCJIC, HA BTOPOE MECTO MOKHO BBIOPATh OJTHO M3 N — 1 OCTaBIIUXCS
qrced, T.e. uMeeM n(n — 1) BO3MOXHOCTEH BEIOOpA MEPBBIX JIBYX YHCEIL.
[Tpo1oKUM 3TH pacCyXACHUS, TIOJTydaeM nn—-1)...x2x1
BO3MOYKHBIX ITEPECTAHOBOK, UTO U YTBEPIKIAAIOCH).

Onpedenenue. Ilycts a4, ..., a, Kakas-To nepecTaHoBKa uucen 1, 2, ..., n. Hazosem

napy 4ncell (ai, aj) uHeepcuel, ecni a; > a; ,Ho I < J.

Onpeodenenue. Ilepecmano6Ky Ha30BEM Yem H O, €CJIV YUCIIO UHBEPCUM B HEN
YETHOE, U HeYemH Ol B IPOTUBHOM CIIyYae.

Hanpumep, 1,3,2,4,6,5 — ueTHas nepectanoBka (naBepcuu (3,2) u (6,5)),
1,4,5,2,6,3 — neuetHas (uaBepcuu (4,2), (5,2) u (6,3)).

Kaxnayro mepecTtaHoBky a, ...,ad, MOXHO paccMaTpuBaTh, KaK OTOOpaX€HUE G
MHOXeCTBa uucen 1,2,..,m Ha MHOXECTBO uwcen 1,2,..,n, omnpenereHHOE
PABEHCTBOM:

o(i) = g, (1.21)
Orob6paxenue (1.21) ymo6HO 3a1aBaTh MaTpuIle 2 X n Buja

1 2 .. n
(0'(1) c(2) .. O'(l‘l)) (1~22)

CuuraeM 1o omnpeaeneHuio Bemunny (—1)*¢™™ 9 gpcmom 1, ecm o — yeTHas

MOJICTAHOBKA, M YUCJIOM — |, €CJIM 0 — He4eTHas MOJICTaHOBKA.
Bripaxkenue (1.18) ecTb cymMMa JABYX cllaraeMbiX.

OTH cllaraeMble — IPOM3BEICHNUS YUCEN BUiad;;, i,j = 1,2.

PaccMoTpuM niepBoe ciaraemMoe -1y, - Y HEr0 BTOPbIE MHAEKCHI COMHOXKUTENEH
COBMAJAIOT C MEpBbIMU. ECiM pacronokuTh NEpBble MHIEKCHl B MEPBOM CTPOKE
MaTpHIIbl, & BTOPbIE €€ UHAEKChI — BO BTOPOM CTPOKE, TO MOJYyYUM MATPUILYy BUAA:

12
COOTBCTCTBYIOINYIO IIECPECTAHOBKEC, OCTaBJIHIOIHCﬁ BCC 4HCJIa HAa CBOUX MECTaX, U

3Ta MepecTaHOBKA yeTHas (HET UHBEPCHil).

Bropomy cnaraemoMy @4, @, COMOCTAaBUM MaTPUILy I€PECTAaHOBKU

G3) (1.23)



(erwre pa3 HAaIOMHKUM, YTO B IIEPBOM CTPOKE CTOSIT MEPBBIE MHIEKChl COMHOKHUTEIEH,
BO BTOPOM CTPOKE — BTOPBHIE)

[TepecranoBka (1.23) — HeuetHas (B Heil 1 unBepcus). Takum oOpa3oM, BeTUYHHA
(1.18) mpeacrapnsieT cob0Ol CyMMY CllaraeMbIX BHAA

(_ 1)‘{ETHOCTI: 0“1,0(1) aZ,O‘(Z) ,

B3SITYIO 110 BCEBO3MOKHBIM MEepecTaHOBKaM uuceln 1,2 (3TUX nepecTaHoBOK POBHO
nBe). AHanoru4Ho, Beipaxkenue (1.20) ecTb cyMMa ciiaraeémMbixX BUAa

(—1)Termect Ja1,o(1)az,cy(2)as,cy(s)

HaHpI/IMep, cjlaracMomy aq 30,1037

, (1 2 3
COOTBCTCTBYCT IICPCCTAHOBKA: 3 1 2) .

D10 — yeTHas nepecranoBka (2 uaBepcuu: (3,1) u (3,2))

1 2 3
CHaFaCMOMy —aq0710d33 COOTBCTCTBYCT l'ICpGCTaHOBKa(2 1 3) .

D10 — HeyeTHas nepecraHoBka (1 uaBepcus: (2,1))

ITpoBepka oOcCTanbHBIX ClIaraéMbIX TpyJda HE COCTaBUT M Bbl chemaere ee
CaMOCTOSITEJIBHO B KQUECTBE I0JIE3HOTO YIIPaKHEHHUS.

Crenanuble HaOJIIOAEHUS TO3BOIAIOT HaM JaTh 00IIee

Onpeodenenue. Onpedenumensy mampuywl pazmepa (n X n) paBeH

= X(=1)* MMy 5y v A o) (1.24)

rJe CyMMUpoOBaHuUe B npaBoid yactu (1.24) npousBeieHO O BCEM IEepEeCTaHOBKaM
yucen 1, ..., n (Tak 4To mpaBas 4acTh COJICPKUT N! ciaraemsix).

aq .- A1n

ani .- Ann



3.2.CgoiicTBa onpeaeJUTeIsI MATPHULBI

Onpeoenenue. Ecnu

a11 L] aln
A= «

Ani - Qpp
T0 mpancnonuposannoii mampuyei AT nazpiBaeTcs MaTpua

all XY anl
AT =
Aip - Qun
MoXHO CKa3aTh, YTO TPAHCTIOHUPOBAHUE KBAAPATHON MAaTPULBl COCTOUT B 3aMEHE
ee CTPOK crosdnamu (1, pazymeercs, HA000poT). MOXKHO CKa3aTh TakKe, UTO
TPaHCIOHUPOBAHHASI MATPHULIA MTOJIYHYaEeTCs U3 UCXOJIHOM CHUMMETpHEH
OTHOCUTEJILHO IJIaBHOM JHaroHaH.

Ceoiicmeo 1.

|A|=|AT|.

» Unen onpenenutens marpuusl AT, coorercTByIOMmMIl uneny a1,6(1) = An,o(n)
onpenenutens |A|, uMeeT BUI dg(1)1 - Ag(m)n HUMEET Ty XKe 4YETHOCTH
nepecTaHoBKU. 4

3ameuanue: PaBenctso (1.24) no3BoiseT HaM yTBEPKIaTh, UTO BCE
CBOMCTBA OIPECIUTENSL, JOKA3aHHBIC IJISl €70 CTPOK, OKAXKYTCS BEPHBIMH U JIJISI
ero ctoso1oB 1 Ha00opoT. [ToaTOMY B NanbHeIeM cBOMCTBa (POPMYIUPYIOTCS
TUISL CTPOK.

Ceoiicmeo 2.

Ecnu onpeaenuTens UMEET CTPOKY, COCTOSIIIYIO U3 HYJIEH, TO OH paBeH 0.
» Ilo popmyie (1.24), Bce unens! onpenenutesns paBHbl . €

Ceouicmeo 3.

Ecnu oguH onpenenuTens MoaydaeTcss U3 Ipyroro NepecTaHoBKOM IBYX CTPOK, TO
OH PABEH UCXOAHOMY OIPEAEIUTENIO, B3ITOMY C IPOTHUBONOJIOKHBIM 3HAKOM.

P [Ipu ynomMsiHyTOM BBIIIE JEHCTBUU IPOUCXOJUT CMEHA 3HAKA Y BCEX CJIAraeMbIX
B MpaBoil yactu paBeHcTBa (1.24), 3HAUUT, CMEHUT 3HAK U BECh ompeienuTels. 4



Ceoiicmeo 4.

Ecnn OIIPCACIINTCIIb COACPIKUT ABC OAMHAKOBBIC CTPOKH, TO OH paBCH 0.

» JleiiCTBUTENBHO, IIPH IIEPECTAHOBKE OJMHAKOBBIX CTPOK OIPEIEIUTEND, C OJHON
CTOPOHBI, HE M3MEHHUTCS, TaK KaK CTPOKH ojuHakoBbie. C APyroi CTOPOHBI, OH
CMCHMT 3HaK 10 cBoicTBY 3. Takum obOpasom, |A| = —|A| , otkyna|A| = 0. «

Ceonuicmeo 5.

[Ipy yMHOXXE€HHMM BCEX DJIEMEHTOB OJHOM M TOM € CTPOKM Ha YHUCIO « €
R onpenenurens MaTprLbl yMHOXKHUTCS HA YUCIIO X

» Bce cmaraembie B mpaBod yactu paBeHcTBa (1.24) OyayT umeTh oOIIMi
MHOXUTEND . 4

Ceoiicmeo 6.

OnpenenuTens ¢ IByMs MPOTIOPITMOHAIBHBIMU CTpOKamMu paBeH 0.
» Cpasy ciienyet u3 cBOUCTB 4 1 6. 4

Ceoiicmeo 7.

Ecnu snemeHTsI i-oi CTPOKH OIIPCACIUTEII IMPCACTABJICHBI B BUJIC

! r .
a;j = aj; +a;,j =1,..,n,10

all ses aln a]_]_ nes a]_n all " aln
, , n n

Qix -+ Ain | = | Qjg - A [ + [ Ay o0 Ay

Ain - Ann Ain - Ann Ain -+ Ann

» Usien onpeaenutens (2.9) npuHUMaeT BU

A15(1) =+ QAig(i) = Ano(n) = aia(1) afa(i) a;w(n) t+ Q1531 - Aig(i) + Anon)

W noka3piBaeMo€ paBeHCTBO CIIPABEIJIMBO BBUlY paBeHCTBA (1.24), npruMEHEHHOTrO
KO BCEM OIPENEIUTENSIM, COAEPKAIMMCS B JIOKa3bIBAEMOM PAaBEHCTBE.

Ceoticmeo 8.

Ecnu oHa U3 CTPOK OnpeIeuTeNs €CTh JIMHEWHAas KOMOMHALINA €r0 IPYTUX CTPOK,
TO onpezaennrens paseH 0.

3ameuanue: 1103:xe Mbl YCTAHOBHM, YTO 3TO YTBEPXKACHUE IPEICTABIACT
co001 HEOOXOIUMOE U JOCTATOUHOE YCIIOBUE PABEHCTBA ONPEIEIIUTENS HYIIIO.

» Eciiu, Hanpumep, i —CTpOKa €CTh JUHEHHAss KOMOUHAIUS OCTAIbHBIX CTPOK, TO
10 CBOMCTBY 7 MCXOJHBIA ONPEAECITUTENIb PABEH CYMME OIPEICIUTENECH, UMEIOIIUX
MPOTMOPIIMOHANIBHBIE CTPOKH, M OH PABEH HYJIIO IO CBOMCTBY 6. <

Ceoiicmeo 9.




Omnpenenurtenb He MEHSETCS, €CIM K JI00OW €ro CTpoke MpuOaBUTh JTMHEUHYIO
KOMOMHAITHIO IPYTHX €0 CTPOK.

P [Ipumenum cBoiicTBO 7 1 8. d

4. Teopema Jlanaca. O0parnas marpuua. IIpasuio
Kpamepa

4.1Teopema Jlanaaca
ComnocTaBuM 3JIEMEHTY @;; KBaJPATHOW MATPHULIbI A ONIPENETUTENh MATPHUILIBI

IIOJIyYEHHOU U3 MaTpuibl A BBIYEPKMBAHUEM BCEM CTPOKM C HOMEPOM [ U BCETO
CTOJIOIA C HOMEPOM J.

Onpedenenue. Ilonydennslii onpenenurens (n — 1)-ro nmopsiika Ha30BeM
munopom M;;. Bemnuuny (—1)‘+1Mij HA30BEM ajicedpauueckum

dononiHenuem >IEMEHTA A;j U 0003HAYMM A;;.
HNmeeT mecTo BaxkHasi TeopeMa Jlamiaca o pa3inoXKeHUU ONPEASTUTEINS IO CTPOKE.

Teopema 1 (Jlaniaca).

s 106020 1,1 = 1, ..., N 8bINOIHAEINCA PABEHCNEBO!
14| = X7.1 a;jA;j (1.25)

3ameuanue: Pazymeercs, BepHa U TEOpEMa O Pa3JI0KEHUN ONPEICIUTENS 10
cTOJIOIY, YTBEp K AAIOIast, YTO JJIS JIIOOOTO J, j = 1,....,n 8bINOJIHAEMCSA PABEHCNEO:

|A| = X2, a4 (1.26)

Joxazamenvbcmao.

P /111 yripolLeHHsI BBIKIAA0K JOKaXeM 3Ty TeopeMy it n = 3. PaccMoTpum
onpeaenuTens () ¥ MPou3BenEM IPYNIMPOBKY €T0 YJICHOB
Q11 Q12 dg3

a1 dzz dz3
az1 Gz 04szs

= Q11022033 T Q13021032 T Q12023031 — 013022031 — 11023031 — A12021033 =

= a11(A2033 — A23A32) — A12(A21A33 — Ap3a31) + A13(A2103; — Az2037) . (1.27)
Cnenaem pematoiee Ha0oaeHne. IMEIOT MecTo paBeHCTBa

az1 Az
az1 0as;

az1 Q3
az1 Qss

Az Q3

e | (1.28)

QAz2033 — Ap3032 = | |,a21a33 — Ap3d3zq = | |,a21a32 — QAp031 = |

OnpenenuTenu, CTOSIINE B TPaBbIX YacTsaX paBeHCTB (1.28), momydarorcs U3
MCXOJIHOTO ONPEIeNUTENs YAAICHUEM, COOTBETCTBEHHO, 3JIEMEHTOB NIEPBOM
CTPOKH U MEPBOT0 CTOJIONA, JIEMEHTOB MEPBOI CTPOKU U BTOPOTO CTONO1IA,
AJIIEMEHTOB MEPBOM CTPOKH U TPEThEro crosidua. Takum 00pa3om, 3TO — MUHOPBI
ucxoaHou matpuilsl.. PaenctBo (1.27) u (1.28) o3Hayaror, 4To



|A| = a;, M1 — a;aMy; + a;3Mys. (1.29)

Bcnomunas OIIPCACIICHUC aJIFC6paI/I‘ICCKOFO AOIIOJIHCHUA, IICPCIINIICM 3TO
PaBCHCTBO B BUIC

|Al = ay1411 + a;415 + ag34;3. (1.30)

TouyHO Tak e MOXHO MOJIYYUTh (OPMYJIBIL:

|Al = az1451 + az2457 + az34s3. (1.31)
|Al = az1431 + az243; + azz4ss. (1.32)
|Al = a11411 + az1421 + az143;. (1.33)
|Al = a,3415 + az;42; + as43;. (1.34)
|A| = a,3413 + az34;23 + az3Ass. (1.35)

B o6miem citydae orpannuuMcs cxeMoi J1oka3atenbcTBa. B paBenctse (1.24)
MOYKHO CIPYIIIMPOBATH BCE CIAraeMble, COAEPIKAIIME d;j NPH PUKCUPOBAHHBIX i, J.
Ocraercs 3ameTuTh, 4TO KOd(GPUIMEHTOM NpH a;; OydeT CymMa ClaraeMbix,
NPEACTABIAOMUX COO0M Kak pa3 onpemenurens A;;. 3apuxkcupoBaB i u
paccmartpuBas Bce j = 1,...m Mbl IPEACTABUM MPABYIO YacTh paBeHCTBA (2.9) kak
pa3 B BUJIE:

n
i=1 QijAij -

T.e. paBenctBo (1.25) (a BMecte ¢ HUM U (1.26)—(1.35)) ycraHoBneHbl. 4

OTa TeopeMa UMEET BaKHOE JIONOIHEHHUE.
Teopema 2
Ecmui # k, mo
i210ijA; =0 (1.36)
Ananoeuuno, eciu j # I, mo
i=1a;jAy =0 (1.37)

» BripaxxeHue, CTosLIEE B JIEBOM YAaCTH JOKA3bIBAEMOTO PaBEHCTBA, IPEACTABIISAET
co0oil pa3yio’KeHHEe MO CTPOKE C HOMEpPOM Kk ompenenuTesns, MOJIyYeHHOIO M3
UCXOJHOTO OINpPENETUTENs 3aMEHOM K —TOM CTPOKU Ha CTPOKY C HOMEPOM (. ITOT
ONPEIEIUTENIb COACPKUT ABE OJIMHAKOBBIE CTPOKH, IO3TOMY OH paBeH 0. «

4.2. O0paTHas MaTpuua



OobOpaTHass maTpuna
CHauana chopMyIHpyeM BaXKHOE CBOMCTBO ONpeaeuTeNei:
|AB| = |A||B|. (1.38)

JloKa3aTenbCTBO 3TOT0 CBOWCTBA JJI MAaTpHULl pazmepa 2 X 2u 3 X 3 —
IPEKPACHOE YIPAKHEHUE JIJIs1 CAMOCTOSITENIbHOU paboThl. OHO COCTOUT B
HEIOCPEICTBEHHO ITpOoBEpKe paBeHCTBA (1.38), ucnosib3ys onpeaeseHme
IIPOU3BEACHUS MATPHUILL U CBOMCTBA ONIPEAECIUTENEH.

JU7i1 MaTpuUIl TPOU3BOIBLHOTO pa3Mepa OHO JOKa3aHO B YUEOHUKAX 10
JuHEeWHoU anredpe (Hanmpumep, B yueOHuke A.I'. Kypou, Kypc Briciieit anreopsi,
11000€ U3 MHOTOUUCIICHHBIX Nepen3aanuii). Jloka3aTeabCTBO HOCUT TEXHUUECKUA
XapakTep, MOATOMY 3/1€Ch MBI €r0 HE ITPUBOJIUM.

Hanomuum, uto matpuna A~1 aensercs o6paTHO# ms MaTpuisl A, ecu
BBITTOJTHEHBI PABEHCTBA

AA'=A"1A=E (1.39)

N3 paBencts (1.39) ciemyet, uTo 0OpaTHYIO MATPHUILy MOKET UMETh TOJIBKO
KBaJpaTHas MaTpuiia. boiee Toro, He BCsAKas KBaJpaTHAs MaTpPHUIlAa HMEET
oOpaTHyto MaTpuily. Borpoc o cyiecTBoBaHHM 0OpaTHON MaTPUIIbI U CIYKUT
TeMOU 3Toro myHkra. Otmerum, uto u3 paBeHcTB (1.38), (1.39) u oueBnaHOTO
paBenctBa |E| = 1 ciaeayer, 4yTo

1=|E| =|447Y = |4]|A71|. (1.40)

_ 1
A1 = o Taxnm 06pasom, ycnosue
|A| # 0 sBHsieTCS HEOOXOAMMBIM YCIIOBHEM CYIIICCTBOBAHMS OOPATHON MaTpPHIIBI.

CJ'ICILYIOIHa}I TECOPEMaA 03HAYACT, YTO 3TO YCIIOBHUC SABJISACTCA HGO6XO,HI/IMBIM 141
A0CTAaTOYHBIM JJI CYHICCTBOBAHUSA O6paTHOﬁ MaTpUIIbI.

U3 (1.40) cnenyer, uto |A| # 0,

Teopema 3. Eciu |A| # 0, mo mampuya A umeem obpamnyro mampuyy.
Llpu smom

All R Anl
Al=—| .. .. .| (1.41)
Ay, o A

20e A;jobosnauaiom aneebpauyeckue OONOIHEHUS DNEMERmMos A;; mampuybl A .

P /1151 IpOCTOTHI BHIKJIAIOK PACCMOTPUM ClTydaid MaTpullsl pazmepa 3X 3.
JlokaxeM, 4To MaTpHIla



1 A11 A21 A31
m A12 A22 A32 5 (142)
A13 A23 A33

e A;; — anreOpanveckoe JI0MONHEHUE dIIEMEHTA @ j, ABJIAETCA 00paTHOM
Matpuien ais Mmatpuibl A. st aToro ymHoxxum Matpuny (1.42) va matpuity A:

1 Ay Ayr Az /011 Q12 Qg3

m A Ayy Aszp || Q21 Az Q3 | =
A13 A23 A33 a31 a32 a33

1 (a11A11 + ay1421 + az1431 Q12411 + AxA3; +a32431  ag3411 + ax3Az + a33A31>

A

11412 + Az142; + a3143; Q12415 + Ax242; + 343, a1341; + ay34;; + azsAs;
11413 + Az1423 + a31433 Q12413 + Az2423 + a3pA33  ag3413 + ay34;53 + azzAs;s

u ucnoiabszyem papeHctna (1.30)-(1.32), (1.36), coryiacHO KOTOPBIM MaTpHIIa,
CTOSIIAs B IPaBOM YaCcTH PaBEHCTBA paBHA

1 /1Al 0 0 1 00
| ¢ Ao J=fo 1 1}
0 0 |4 001

4TO U TpeOOBaJIOCh JOoKa3aTh. [IpoBepka paBeHCTBA
1 ai; Q2 A3\ /A;n Ay Az 1 0 O
m a1 Qpp dAzz A12 Azz A32 =10 1 1
a3y Qzp Qz3/ \A;3 A,3 Az 0 0 1

MPOBOAUTCS BIIOJHE aHAJIOTMYHO, C UCIIOJb30BaHueM paBeHCTB (1.33) — (1.35) u
(1.37).

Takum o6pa3om, paeHcTBa (1.39) BoinoaHeHb! 411 MaTpuIlsl (1.42) u, Takum
o0Opa3om, 3Ta MaTpHIla ABJIsAETCsS 0OpaTHOM aJist MaTpullbl A. <«

4.3. IIpaBuaa Kpamepa

Bepuémcst k perienuto cuctembl Ax = b B ciyuae, korzaa |A| # 0. [pu
3TOM, COITIACHO TeopeMe 3, CYLIeCTByeT oOparHas ais Matpunsl A matpuia A~ L.

YMHOKHM 06€ yacTi paBeHcTBa Ax = b creBa Ha MaTpuny A~ ! n momyunm
A 1Ax = A71b, wnu Ex = A~1b, wn

x =A1b. (1.43)
PaccmoTpum npousBeneHue
) A1 Ay Az /by . Ap1by +  Apby+ Azibs
A_lb = m A12 A22 A32 b2 Zm A12b1 +A22b2 + A32b3 . (144)
A1z Azz Aszz/ \bs Ai3by +Az3b, +  Azzbs

3aMeTuM, 4TO CIPABEMJIMBBI PABEHCTBA



by a;; ag3
Aj1by + Ayiby + Az1bs = [by  ay; Ay,
b; az, as;

a1 by ags
A1pby + Azaby + Azpby = |az1 by ays|,

a1 Q2 by
Ai3by + Aysby + Azsbs = [az1  azz by

Torna paBenctsa (1.43),(1.44) narot

L by a;; ag3
X1 = 1Al b, ay, ay3|,
b; a3, as3

1 a;1 by ags
Xy = _|A| az; by ay|,
as; by ass

a1 Q2 by
—la;; ap; byl

x =
37 4 b
asz1 dsp 3

Ot GopMyIibl U HA3BIBAIOT npasunamu Kpamepa penieHus CUCTEMbI JIMHEHHBIX
YPaBHEHUM.

AHaNOTUYHAS TEOpeMa CIPaBEIJIMBA U JUIS PEIICHHUS CUCTEMbI 1 ypaBHEHUIA
¢ n HeusBecTHBIMU AXx = b B cityuae, korna |A| # 0. Koopnunata pemieHust Xx;
MOJTYy9YaeTCsl JICTICHUEM OIPESIIUTEIS, TIOTYISHHOTO U3 OTPEICTUTENS HCXOIHON
CHUCTEMBI 3aMEHOM B HEM CTOJIOIIa C HOMEPOM I CTOJIOIIOM CBOOOHBIX YWICHOB, HA
OTIPENICITUTENb UCXOHOM CUCTeMBI. IHBIMU ClIOBaMH,

x;p=—| ... v |,i=1,...,n. (1.45)
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