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|ψµ〉〈ψµ|
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H̃ = PH̃P
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H̃|ψ̃µ〉 = Eµ|ψ̃µ〉ñ ���!v��{�� "��+�+�|/�� !�$
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ñ!���-ö�"�ª?«²"��E [£o��"���«
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Ω|ψ̃µ〉 = |ψµ〉
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Ω = ΩP
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PΩ = Ω
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LP =⇒ LP : Ω̃|ψµ〉 = |ψ̃µ〉
Ý  o�7";ªl«µ"%�9 G£o�;"%��«µ���o�C�-ö¤ø¤�/�r.

ä ���$ !��&:+���¢
Ω̃ = Ω̃P
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Ω̃ = P Ω̃
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Ω̃Ω
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Ω̃Ω = P.

Ü +������!#$����+��
ΩΩ̃ = P.

éÚ������+����´ ��-(��� !+��$+����¸�C(��{&:��+�#$�$(�� |ψµ〉 +�� Ω|ψ̃µ〉

H Ω|ψ̃µ〉 = ΩEµ|ψ̃µ〉
�
Eµ|ψ̃µ〉

ÝÇ+*�
H̃|ψ̃µ〉

Î
H Ω|ψ̃µ〉 = H̃Ω|ψ̃µ〉u<�"��
��)���"
-�Ì���"v"���� !�$+�+�|U�, !�$
��"�"(�|

H̃
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���	â�+��%�������!�)�"�,�!¡��$(��¤���!(�+�|/�/Î
H Ω = ΩH̃

ñ  "�)��+��! "�!���!¡��$(��¤���!(���¡-�����!�)���
PH P

�
H̃
ô�.�¦X�"�¸�;¹��;¹�º¤��£[£��;�w�	�-ö%";£o�¦£*ùo�|»d ��	�*ö�.
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Ω̃
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H
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H̃ = Ω̃H Ω
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|ψ̃Bµ〉 = P |ψµ〉�"�f�	�����
Ω̃B = PP
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ΩB
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PΩBP |ψµ〉 = PΩB|ψ̃Bµ〉 =
P |ψµ〉
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��! !|/�X
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LP
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PΩB = P,
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ΩB = P +QΩB
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H̃B = PPH ΩB = PH ΩB

¡�(��K¡��$&r���!��+��" !
��� ;�"v!�!v"Àz�$+�+��!�7�-(��) "+��$+����1�Å���	?-��&'�)���
H Ω = ΩH Ω

ú�=�#$�$�!������(������$��
��-?����"�!v!(��¤â��$+����Ow*��+���¢������

• �-# ��|î����â;&���¡�(��!�$
�©��-w����Ì���¤������+�|ì�!�Z�-# ���! @����â�&���¡�(��!�$
�����(��"�$��|/���Ì !�$
��"�"(��)��� =⇒
{|ψ̃Bµ〉}

+��$�!(����!#$�"+*�¤���!+�|
=⇒ H̃B

+��$£$(��������! �ã

• ¡�(��!�$
�©����1
>�"(��!���,¡�(��!�$
�����(��"�$��|«?¹ "�$
��"�"(��! �. ä v"|U��+��K�	&:�!v"+����������!�)�"�*¢Ú����� |ψ̃Bµ〉 +��!(-Ñ����(��! >�)+�|�¢����!#æ&'��&*����+�| |ψµ〉 ñ Nµ = 〈ψ̃Bµ|ψ̃Bµ〉1/2
ô«v!�)���"yz�7�{&:��+���©�|7.
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H̃
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• ������(������"�æw¥ãr¡�(���&:���>�æw¯¡�(��	w* )��w��"�@��=	�!v"(����"�¤�������!+��"�����@¡�(��¯(��)v"�������7&�(��-#$�����¯
� >�)+����! "�)Ñ����?-�)+������	��
����¨���!¡��$(��¤���!(����¨�Ëñó¡������!�Xô�.

• +��$��+��!#$����=	���$+�������¡��"���!��+��! !
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Ω†
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.*ú�=7��(��� !+��$+��-wÀ�C(��{&���+�#$�$(���¡������-�������
Ω†H Ω|ψ̃µ〉 = EµΩ†Ω|ψ̃µ〉.

¦X�"�,���	â�+��; "�"��¡�(���+����]�)�"�%
��)
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H̃ ′|ψ̃µ〉 = EµT |ψ̃µ〉
£$(��������! ��ªÏÐ£	
7
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H̃ ′ = Ω†H Ω
�M+����"(��� !���¤���!+�|U�Ø£	
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T = Ω†Ω

.¥2X�$
-���"(�|ÂÁ�(��$yz�$+��-w¹£��"�"�Ì¡�(��!v)���$��|C�!¡-w����)Ñ
�"�)
��Kv!�	&����,+��$�!(����!#$�"+*�¤���!+�| ñó�!(����!#$�!+��¤���!+�|}�< "�	���"�

T
ô{.

• =¤���¨����������¢������;�	�{���K�"¡��$(��)�"�"( Ω
ù $ �9 w�{øO��ù*õK��£

Ω†Ω = P,
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����¹�!¡��$(��¤���!(Ì�"(��� !���¤���$+
(T = P )
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Ω̃ = Ω†
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H̃ = H̃ ′ = Ω†H Ω
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Ω =
M∑

ν=1

|ψν〉〈ψ̃ν |
(

Ω̃ = Ω† =
M∑

ν=1

|ψ̃ν〉〈ψν |
)
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H̃B

�	&:�" )������ !�!(�w*à·�M�>�{���)Ñ
 !��à

δµν = 〈ψBµ|ψBν〉 = 〈ψ̃Bµ|Ω†BΩB|ψ̃Bν〉,�"�Ê�	�����Ê�"(��"�"+��!(�����(��! >�)+�|F�� !�	���!�
Ω†BΩB

./¦]���Ê��=	+��	��������¢X�����Ê�-?á�]�¤��(���©��Ë¡��$(��$
�(�|U >�)+��-w
S = (Ω†BΩB)−1 ñ $ ���$÷�¢³ùÂ�)ö	 o�	�¯ù^ w�	�{ø,÷f�Â"²")ù����NÎzõ-ø¤�Ì�;¹/��ö�º¤��£*ùo�±";ª?���9 [£^�o��ø;÷E�bø,ö	 =Î#¬¦�;�
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LP Ó ô�. ä (��"�"+��!(�����(��"�$�b�-?Ì¡��K57�$ ¤&:��+��¹��¡��!���!Àª�!à¡�(����"v!(��)=$�" ���+���w
S−1/2 = (Ω†BΩB)1/2

|ψ̃Bµ〉 =⇒ |ψ̃Cµ〉 = (Ω†BΩB)1/2|ψ̃Bµ〉, 〈ψCµ|ψCν〉 = δµν
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ΩC |ψ̃Cµ〉 = ΩB|ψ̃Bµ〉
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ΩB =⇒ ΩC : ΩC |ψ̃Cµ〉 = ΩB|ψ̃Bµ〉
ä ���$ !��&:+���¢

ΩC = ΩB(Ω†BΩB)−1/2
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Ω†CΩC = P,
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��=	�!������(�������+Z�Z���!�!�" "�������� ��-à4Àz����£	
7
7�$
��"�� "+�|/��#��)���-�������)Ñ

+����)+@ÝÑ©>ö;£o��£*ù*õK�$÷�©"ù[«�Ô ¨�¨ ��©�øªùo";£Gª?«z¬�ö	 <ù6 G¢�ø¤��£*ù:ö�£z���|Õ= [�>ö $ �

H̃C = Ω̃CH ΩC = Ω†CH ΩC
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ΩC
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-�� ,���$&:�����!+��"�³¡�(��"����(��)+*���� !�"Î

PΩCP = PΩB(Ω†BΩB)−1/2P = P (Ω†BΩB)−1/2P = PΩ†CP

ÖK×^ØB×oÙ�×�Ú u<�"
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Ω̃B = (Ω†BΩB)−1Ω†B
ñó+*��¡��!����+��)�$�/¢*���"�

Ω̃B = PP
ô{.
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H̃B = Ω̃BH ΩB = (Ω†BΩB)−1Ω†BH ΩB
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(Ω†BΩB)−1 = PPP

ÖK×^ØB×oÙ�×�Ú u<�!
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ΩC = P(PPP )−1/2, ΩB = P(PPP )−1
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Aµν = 〈ψµ|A |ψν〉
ñó�-���

Aµν = 〈ψµ|A |ψν〉N−1
µ N−1

ν
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��"�"(��! 
H

(��) !+��@+��;�{&:�-Ñ
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Nµ

ô�.

ß�������|U ��¤w |ψν〉 = Ω|ψ̃ν〉
�����"¡�(�w-â��$+�+��"�����!�!�"+��"yz�$+���� 〈ψν | = 〈ψ̃ν |Ω† ¢-=¤�)¡��*��|/ ��)�$�

〈ψµ|A |ψν〉 = 〈ψ̃µ|Ω†A Ω|ψ̃ν〉 = 〈ψ̃µ|Ã|ψ̃ν〉,
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Ã = Ω†A Ω.
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( A = H )
.
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H̃ = Ω̃H Ω 6= Ω†H Ω,
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Ã = Ω†A Ω

Ãµν = 〈ψ̃µ|Ω†A Ω|ψ̃ν〉 = 〈ψµ|A |ψν〉
 !�"�!v!Àª��#$�! "�!(�w�¢�£��¯(��) "�$+

Aµν
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|ψ̃⊥⊥µ 〉 : 〈ψ̃⊥⊥µ |H̃ = 〈ψ̃⊥⊥µ |Eµ,
�-���

H̃†|ψ̃⊥⊥µ 〉 = Eµ|ψ̃⊥⊥µ 〉,
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〈ψ̃⊥⊥µ |ψ̃ν〉 = δµν
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Eµ 6= Eν
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Ω =
M∑

ν=1

|ψν〉〈ψ̃⊥⊥ν |
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Ω̃ =
M∑

ν=1

|ψ̃ν〉N−2
ν 〈ψν |
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〈ψ̃⊥⊥µ |H̃|ψ̃ν〉 = δµνEµν = Hµν .
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Ã = Ω̃A Ω
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Nν = 1
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Ã =
∑

µν

|ψ̃µ〉〈ψµ|Ã|ψν〉〈ψ̃⊥⊥ν |

〈ψ̃⊥⊥µ |Ã|ψ̃ν〉 = 〈ψµ|A|ψν〉 = Aµν
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[x, px] = i
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A : [A ,H ] = 0
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[x,H ] =
i

m
px
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(Eµ − Eν)〈ψµ|x|ψν〉 =
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m
〈ψµ|px|ψν〉,
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[A ,B] = A B −BA = C
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[Ã, B̃] = C̃ ?
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Ω̃ = Ω†, Ω†Ω =

P ) :
[Ã, B̃] = Ω†(A ΩΩ†B −BΩΩ†A )Ω = Ω†(A PB −BPA )Ω.
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C̃ = Ω†(A B −BA )Ω.
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Ω†(A PB −BPA )Ω = Ω†PA BΩ− Ω†BA PΩ = Ω†(A B −BA )Ω

ñ �	�{���
[B,P] = 0
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A

C = [H ,A ] =⇒ C̃ = [H̃, Ã].
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[x̃, H̃] =
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p̃x
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Eµ 6= Eγ

µ : |ψµ〉 ∈ LP γ : |ψγ〉 ∈ L ⊥
P
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ΩC = P(PPP )−1/2, ΩB = P(PPP )−1
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[O, P ] = 0
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[O,P] = 0
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H (q) = H (0) + Dq + . . . , D =
∂H

∂q
.
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∂Eµ
∂q

=
∂

∂q
〈ψ̃⊥⊥µ |H̃|ψ̃µ〉 = 〈ψ̃⊥⊥µ |

∂H̃

∂q
|ψ̃µ〉

〈ψ̃⊥⊥µ |
∂H̃

∂q
|ψ̃ν〉 = (Eµ − Eν)〈ψ̃⊥⊥µ |

∂

∂q
|ψ̃ν〉
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〈ψ̃⊥⊥µ |H̃|ψ̃ν〉 = Eµδµν
� 〈ψ̃⊥⊥µ |ψ̃ν〉 = δµν
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LP = span{|m〉}
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m |m〉〈m|

Ω = PΩP
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QΩB = Ĝ (V ΩB − ΩBV ΩB)
����w��{�r�)#��)�$��|k?O¡��!(�w-&:
-�

n

Ω
(n)
B = Ĝ
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ÃB = Ω†BA ΩB,
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ÃB = Ω̃BA ΩB

ô«¡�(��{&:¡����:��#��)���
 !|/�����{���$+�������(��{&:+��-?Z=	+��	���$+��������*��¡�������=	�! >�)+����$�³v"���!(����!#$�!+��¤���!+�|«?O "�$
��"�"(��! �.�å����¬¡��!+���&:�)Ñ
v!���>�æwK(��¤=����	â;��+����

Ω̃B
 ,(�w�&�.

2«��¡��!��+��� �
<��#��-(���(��! >�) !yª�$�, �¡�(��{&:|«&���Àª�$�f# �r�) "�%���!����+��!yª�$+����
Ω̃B = (Ω†BΩB)−1Ω†B

¢Ú��|
&:�)��â�+�|ò����yª�; !+����]�)�"�����!+����{���9&:�����;=¤�ª¡��"("w-&:
��)����¡��

V
Î

Ω†BΩB = P + Ω
(1)
B
†Ω(1)

B + . . .

ñ &*��w
n ≥ 1

 "���
Ω

(n)
B
†P = PΩ

(n)
B = 0

�f � !|/(���â��$+����¥¢� ��*�!���"+������"�¥¢�+����¯�9�r��#����$��|«?f¡��$(� "�!#$�
¡��!(�w�&:
��"ô�¢

(Ω†BΩB)−1 = P − Ω
(1)
B
†Ω(1)

B + . . .
ñ =�&:�	���,��|ß "�"��¡��)���!=$�" ��¤�������@�)+������"#��"�´yz
��)���"+��!��
7�!(��¨����|

(1− x)−1 = 1− x+ . . .
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(n)
C

¢�
�(��!���
n = 0

ô{¢*�"���	�{���¯�� 6�±�o�)÷{øO���;�¦£*ù6�
QΩ

(n)
C

£[�NÏ�£[ªØõN o�¦£[ªI�-ö $  ��
wÏÂ�¦£*ù6�
ΩC

ù
H̃C

���
(n− 1)

w°¬¦�n�o�f�K�o��©�öU";©% Gì/õ�ù*ø¤�° [¢�£��¤.
å<�$���{&*���$+�+��,�>�{�"�)+��� )���� ����$�U¢*���"�, ;¡��$(� !�"�³¡��"(�w�&:
��

QΩ
(1)
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.
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H = H0 + V
H0|k〉 = ek|k〉 =⇒

Ω = Ω(0) + Ω(1) + Ω(2) + . . .
H̃ = H̃(0) + H̃(1) + H̃(2) + . . .
Ã = Ã(0) + Ã(1) + Ã(2) + . . .

Ω(n), H̃(n), Ã(n) ∼ V n

x üC67ÿ������7ü%þ�	�� Ĝ 9
Ĝ(A ) =

LP∑

m

(Q(em −H0)Q)−1A |m〉〈m| =
LP∑

m

L⊥P∑

j

|j〉〈j|A |m〉〈m|
em − ej

ĜQ[ΩB,H0] = QΩB

4 ÿGý�û;�5����6�ûy13�Kÿ5�
��9

z ÿ��Sþ�ÿ ��ÿ��
ÿ � ü%ý���	�ÿKý

Ω
(0)
B = P

Ω
(1)
B = Ĝ(V ) =

LP∑

m

Q

em −H0

V |m〉〈m|

Ω
(2)
B = Ĝ

(
V Ĝ(V )− Ĝ(V )V

)

. . .

Ω
(n)
B = Ĝ

(
V Ω

(n−1)
B −

n−1∑

k=1

Ω
(k)
B V Ω

(n−1−k)
B

)

!#"0" ü���	����;þ��<�
')��û*�+���,	�ÿKþ�����þ

H̃
(0)
B = PH0P

H̃
(1)
B = PV P

. . .

H̃
(n)
B = PV Ω

(n−1)
B

!#"0" ü���	����;þ��<�
ÿ � ü%ý���	�ÿKý

Ã = Ω†BA ΩB :

Ã(0) = PA P

Ã(1) = P (A Ω
(1)
B + Ω

(1)
B
†A )P

Ã(2) = P (A Ω
(2)
B + Ω

(1)
B
†A Ω

(1)
B + Ω

(2)
B
†A )P

. . .

Ã = Ω̃BA ΩB : Ã(0) � Ã(1) 	;ütN,ü�A
Ã(2) = P (A Ω

(2)
B + Ω

(1)
B
†A Ω

(1)
B + Ω

(2)
B
†A

− Ω
(1)
B
†Ω(1)

B A )P

�)�
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QΩ
(n)
C = Ĝ

(
V Ω

(n−1)
C −

n−1∑

l=1

QΩ
(l)
C H̃

(n−l)
C

)

PΩ
(n)
C = −1

2

n−1∑

l=1

Ω
(l)
C
†Ω(n−l)

C ,

H̃
(n)
C =

1

2

{
PV Ω

(n−1)
C + Ω

(n−1)
C

†V P −
n−1∑

l=1

(
PΩ

(l)
C H̃

(n−l)
C + H̃

(l)
C Ω

(n−l)
C

†P
)}

Ω
(0)
C = P

Ω
(1)
C = Ĝ(V ) = QΩ

(1)
B

. . .

H̃
(0)
C = H0 A H̃(1)

C = PV P

H̃
(2)
C = (H̃

(2)
B + H̃

(2)
B
†)/2

. . .
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α
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β
ã
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�����&:���"�$(�����+��)+���| {|k〉} ã

• LP
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¢
p′
¢
. . .
ã
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• π Ñç£����$
-��(��!+�+��"��¡�(������"(���+����� !��ñ ¡�����+��!�¤ô{Î
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π
Ñç�"(�v"���!�¤���%�!(�#��)+������	��
��"�%�����*�$
�����|á�/���"¡�("w�â��$+�+�|/�¨���� �w-Ñ
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� σ
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• π Ñç£����$
-��(��!+�+��"�Å¡�(��"����(��)+*���� !�«ÏÐ�$&:��+�£����$
-��(��!+M+��k�$&:��+��	������ÒÞñ +��$¡��)��+��"�¤ô:Ýò¡��	&:¡�(������"(���+-Ñ���� !�;�-¡��"�nw�+������!#$�, !|/yz�7¡�����+��"#$�
π
Ñç£����$
���(��!+�+��!#$�%¡�(��"���"(���+*���" >�-ã

� �)
����� !+�|U�z�!(�v!���"�����KÝï�!(����!#$�!+��¤����=$�" ���+�+�|/�
2pπ

Ñê�!(�v!���"�����¥¢�¡��%�$&:+��!��+��%�)�"�"�´��#�Ñ
����(��	&'���-�*��#$���"�$(����)�"�"� ñó�	�)���-ô�ã

�  Z���$&:�����"+��"��¡�(������"(���+*�{�� "�@ !
-��à4���)à·�>�xw¯���)���!
��%&������$(�����+��)+���|��z�$&:+��!
�(��¤��+��Z=¤��Ñ
+-w���|U���f�)
����� !+�|/���Ì�!(�v"�-�"����w*����Ý ¡�(��"����(��)+*���" "�$+�+�|U�;���������Ì�$&:��+��)
��! "|7¢'(��¤=����-Ñ
���)à·�>�xwO����yz�%��¡���+��" !|/�7��+���â%�����{���¥.

áp�ÜÛ �������o�<s����o�u�ts��O�lçè�u�_�����,çê�?�*u_�Òä�v��_���O�n�
å��)��v!�����$�z¡�(��"�����!����+*���"(��-���$+��@
��)
�¡�(*��
��"�����	��
��!#$�Z¡����{��(��!�$+��-w�¢*�"�)
����*�$�9���{&:�" ��)+��-w¯�"v!Àª�-?
�� !�!�*���� Þ£$
�
<�$
��"�� "+�|«?7�!¡��$(��¤���!(��! Þ��+��"#��"£�����
���(��!+�+�|k?M���*�����$�OÝò�"�$�"(���wM !�!=	�n�-Àª�$+����¥ã	 /���!����Ñ
+��"�����¥¢� !¡�����+��X¡��$&:�"��&:���4���$�!(��-wª !�!=$�¨�-Àª��+����,¦X¡�yz�"�$��+��4Á7å<�	��v!���"�-.�g��)Àª�!¢¤�$&:+��)
��*¢�¡�������=$�-à·��Ñ
�æw¸ |£o��¬��	õ�ö�÷�ø�ù�õ6£o��«¯ø¤�7�f��ùo�¦«±"�� $  |��º¤��£�ù[«�¢��-���K�!v"�!v!Àª�$+�+��!�O���$�!(����$�K !�!=	�¨��Àª�$+��������������$(*�Á,u4���	�$�����!��Î�+��� "��=	�¨�-Àz�$+�+�|U�O#������-�*�¤�"�"+����)+@¡�(��9&r���"�) ���w����;���"v!�!�O���-���¨�%�$&:+��!������������+�|«?Z�!¡���Ñ
(��¤���!(��! 

H0 =
∑

i

f(i)

ßn&:�!v"+���¢��$�{���
f
Ñ¥�"¡��$(*�)���!(¥¢��*��¡�������=$������|/�z&���w;¡��"����(��!�$+��-w,��¡���+��"(�v!���!�¤���$��ñ +��$
��!�k�!v"�!v!Àª�$+����

�!¡��$(��¤���!(��U�ª�"
-��ô
fϕr = εrϕr,

�-���
f =

∑

r

|ϕr〉εr〈ϕr|,
 û£����!�Ç�{�*�-���)�¹�{���$������(��" "��
����á&:���"�$(�����+��)+�� |k〉 = ϕrϕs . . . ϕt|

ñó��|  �����#æ&'�Êv���&:�$� ¡�(��{&:¡��)Ñ
�r�)#��¤����¢Å���"�1�{���$���"�$(��! ���
����@&:�����$(�����+���+��"|ð+��	&*����â,��Àz��� �"v!(��)=$�"� +��!(�����(��! >�)+�|�¢Å+��� !|U¡��-Ñ
��|U >��wØw� "+��¬��+��	â����"�����

(1/N !)1/2 ô,Ý ���"v"���� !�$+�+�|U�b !�$
����!(
H0

� _ �!v��{�� "��+�+�|/� =	+��	���$+����$�
ek = εr + εs + . . .+ εt

.
ÖK×^ØB×oÙ�×�Ú �z�"
���â%�����7£�����.
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|j〉 = Êr′s′...
rs... |m〉
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em − ej = εr + εs + . . .− εr′ − εs′ − . . .
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Ĝ ′ : Ĝ ′(A ) =
LP∑

m

L⊥P∑

j

|j〉Ajm〈m|
em + sm − ej

É]���{&*������¢$�	&�+���
���¢	¡��!��+�������¢	���"�Þ��=$���$+��$+����
H0

¡�(��� "�$&:���·
4&:�"¡��)��+����"�����"+��!�¨�7 !�!=$�¨�-Àª��+���à
ñ −S ô

V −→ V ′ = V − S,�"�$�³v!�)���"yz�$�¨��¢����$�³v!�����!yª�<¡�(���y��������,�x&: !��#��¤�����-(��! "+��¥.�éÚ��v��) "+���¢����"�;£����;+��<¡�(��	w* )��w*�����æwK 
+���=$yª�$�³+�����(��� "�������!+��"�´¡��!(�w�&:
��"Î
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g = (ES − ET )/2
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ebc = (ES + 3ET )/4
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ebc(r, θ) = (ES(r, θ) + 3ET (r, θ))/4, g(r, θ) = (ES(r, θ)− ET (r, θ))/2
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H̃AB =
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(ebc(rAB, θAB)− g(rAB, θAB)(sA · sB))
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(ebc(rAB, θAB)− g(rAB, θAB)(sA · sB))

ebc(rAB, θAB) = (ES(rAB, θAB) + 3ET (rAB, θAB))/4,

g(rAB, θAB) = (ES(rAB, θAB)− ET (rAB, θAB))/2
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